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The mechanism of amplification in a free electron laser
amplifier is discussed according to the concept of non-uniform
phase distribution of radiation emitted by electrons in an
electron beam after the electron beam is interacting with the
combined effect of a periodic magnetic field and a laser
stimulating wave. The effective number of electrons whose
scattered radiations are in phase with the stimulating wave is
calculated. The gain of amplification is obtained in terms of the
scattered radiation power emitted by a single electron and it is
proportional to the cube of the electron total energy.
In a free electron laser oscillator, the power and
wavelength of the output radiation and the final energy
distribution of the electron beam are calculated at the steady
state condition in which the gain per pass is set to be equal to
the round trip loss inside the cavity. The effect of the axial
constant magnetic field on the output wavelength is also discussed
which suggests a practical way to achieve a fine tuning of the
output frequency of a free electron laser oscillator. The
Stanford experimental measurements of the free electron laser
amplifier and the oscillator at the steady state are used to test
the theory with good agreement.
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When a high energy electron beam is scattered by a periodic
magnetic field, it emits electromagnetic radiation of wavelengths
As much shorter than the period of the magnetic field AM. This
phenomenon was discussed, according to classical electrodynamics,
by Motz [1] in 1951 and then experimentally confirmed by Motz,
Thon, and Whitehurst [21 in 1953.
Since the electrons of an electron beam are randomly
entering the magnetic field at different time, for a large number
of electrons the. phases of radiation pulses emitted by each of the
electrons are assumed to be randomly and uniformly distributed.
If there is no interaction among the electrons, the radiation
emitted by the electron beam is incoherent and the total radiation
power emitted by the electron beam in the forward direction is,
according to Einstein's theory of random walk, proportional to the
number of radiation pulses in superposition times the radiation
power emitted by a single electron namely, P« NrPe. However, if
this uniform distribution of phase is disturbed by the stimulation
of certain mechanism, some coherent radiation can be produced. In
the ideal case, when the. uniform distribution is changed into a
6-function, 3(o0), in which all the radiation pulses are of the
same phase 0 o, the total coherent radiation power is thus given by
2Although. the radiation emitted by a high energy electron
beam moving through a periodic magnetic field had also been
discussed, according to quantum electrodynamics, by Madey [31 in
1971 as a scattering process of virtual photons using the
Weizsacher-Williams method, it was Palmer [4] who proposed in 1972
three kinds of classical mechanism which could be used to upset
the uniform phase distribution of radiation emitted by the
electron beam in the forward direction. (1) The electron beam is
bunched by an external coherent radiation of wavelength 1s
travelling in the same direction of the electron beam (external
bunching). (2) Inside the electron beam, those electrons moving
ahead are bunched by radiations emitted by other electrons
travelling behind them (self-bunching). (3) The electron beam is
bunched by coherent radiation which is generated by self-bunching
and then amplified inside a feedback cavity formed by two concave
mirrors (internal bunching). From the radiation point of view,
Palmer's mechanism are respectively interpreted as (1) coherent
amplification by external stimulation, (2) coherent generation by
self-stimulation, and (3) coherent oscillation by internal
stimulation and amplification.
The phenomenon of coherent amplification by external
stimulation was first observed and measured in 1976 by Stanford
Group [5] with a CO2 laser, a 24 MeV electron beam, and a helical
magnetic field of period 3.22 cm as shown in Fig 1. Subsequently,
a number of classical theories have been proposed [6-20] to









CO., LASER Figure 1: Schematic set-up of the Stanford free electron
laser amplifier.
4now established [7-8,13-14,18-20) that the electron motion in the
interaction region takes the form of that of simple pendulum.
Although different theories used different approaches to calculate
the output power of the radiation and have obtained different gain
formulae, these formulae are similar and are inversely
proportional to the electron total energy, G« T-3 [7-201.
Unfortunately, these gain formulae are not able significantly to
predict the gain measured by the Stanford Group. Therefore, it
seems necessary that a theory which is good enough to account for
the experimental measurements remains to be developed to
understand the detailed mechanism of the free electron laser
amplifier.
In this thesis, a new approach to this problem is presented
and consequently 'a new gain formula is obtained. The gain of the
laser radiation is calculated in terms of the radiation scattered
by the electron beam [21-231 instead of the loss in kinetic energy
of the electron beam inside the interaction region as generally
used. The basic mechanism of the gain will be discussed on the
basis of the interference effects between the laser wave and the
scattered radiations emitted by the electrons. The theoretical
prediction will be compared with the experimental measurements
reported by the Stanford Group in 1976.
The interaction picture is considered as follows.
Monoenergetic electrons are assumed to enter the interaction
region with uniform distribution of all possible phases and
experience electromagnetic forces due to the laser field and the
5static magnetic field. Consequently, they evolve non-uniformly
inside the interaction region and emit radiations of non-uniform
phase distribution. Under certain conditions the interference of
these radiations in superposition will yield an excess coherent
radiation which is in phase or out of phase with the laser wave to
produce a gain or loss. If the gain or loss is low, the feed-back
of radiations to the motion of the electrons can be neglected.
The interaction picture will be considered in an inertial
frame S' in which the laser wave and the periodic magnetic field
are transformed into two plane waves of identical frequencies but
travelling in opposite directions. They shall be called
respectively as the stimulating wave and the pumping wave. In
this S' frame (co-frequency frame), the phase relationship between
the pumping wave and the stimulating wave is easily determined.
Since the pumping wave and the scattered radiation have a definite
phase relationship, the phase relationship between the stimulating
wave and the scattered radiation can be determined in turn.
Therefore, the effective number Neff of electrons whose scattered
radiations are in phase with the stimulating wave can be obtained
by taking the average over all phases and interaction time. Since
this number is an invariant quantity, it can be used to calculate
the gain of the stimulating wave in the laboratory frame.
The total effective radiation field in the laboratory frame
emitted by the electron beam with phase identical to that of the
external laser wave is simply expressed in terms of Ee (the
radiation field emitted by a single electron),
67 3) is calculated by means of Compton type scattering in classical
electrodynamics [.20-23]. The gain is therefore proportional to
the cube of the electron total energy, G« 73 (instead of« T-3,
because different method is used to calculate- the radiation field
emitted by the electrons), and consists of a second order term
which is not zero at the resonance condition. The dependence of
this formula on the electron energy or the external laser power is
in good agreement with the experimental results reported by the
Stanford Group[ 5].
In fact, all kinematical results and characteristics
corresponding to the motion of the electrons in the co-frequency
frame S' are universal to any experimental condition. It is
similar to that in the scattering of an electron beam by a laser
standing wave, the Kapitza-Dirac effect. Since the classical
theory of the Kapitza-Dirac effect has been studied [24] with
results in good agreement with experimental observations, we shall
apply the same method to our present discussion.
For the third mechanism, that of coherent oscillation by
internal stimulation and amplification, the Stanford Group has
achieved in 1977 [25] by introducing a pair of mirrors to form a
laser oscillator which consists of a 43 MeV electron beam and a
resonator of length 12.7m. The experimental set-up is shown in
Fig.2. Although, tremendous theoretical efforts have been
concentrated to understand the classical gain mechanism of free
electron laser amplifier [6-20], yet very little investigation
[14,26-30] were devoted to the theoretical implication of the free
7







Figure 2: Schematic set-up of the Stanford free electron
laser oscillator.
8electron laser oscillator. Following the method used in the
calculation of the gain of the free electron amplifier, we shall
apply it to study the steady state of the free electron laser
oscillator. The output power, the output 'wavelength and the
electron energy distribution in the steady state are calculated
and the result is compared with the experimental observation by
the Stanford Group.
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RECENT CLASSICAL THEORIES OF FREE ELECTRON LASER
2.1 GAIN CALCULATED FROM THE LOSS OF KINETIC ENERGY OF THE
ELECTRONS
One of the classical theories to calculate the gain of a
free electron laser amplifier is the single electron model
theory which was developed by Colson [6-81. The Lorentz force
equation governs the electron trajectories as they enter the
classical fields, consisting of the stimulating wave 9S, 9S and
the helical magnetic field 9M, was described by
(2. 1)
(2.2)
By solving eq. (2. 1), the motion of the electron perpendi-
10
cular to and along the z-direction were found to be described by
(2.3)
(2.4)
respectively, where was then rearranged in a
form of simple pendulum equation,
(2.5)
being the initial electron velocity and
was integrated to obtain
(2.6)
Expanded eq. (2.6) with the condition of weak fields (i.e. t A w)
and then related to 911 1 Colson obtained
11
(2. 7)
where Taking average over the initial phases
got
(2.8)
Colson then assumed that a change in radiation energy (2ES2V/8n)
in a section of the electron beam of volume V (containing p e V
electrons) was taken to be corresponding change of the average
electron energy in that volume. Since the gain was defined as the
fractional change in radiation energy, it could be expressed by
(2.9)
The time when the electron leaving the interaction region was
12
taken as t=NAM/Poc where N is the number of the periods of the
helical magnet. Hence the final gain was expressed by
(2.10)
This gain formula was modified by Baier and Milstein [9].
They took the consideration that the relativistic electrons moving
in the circularly polarized periodic magnetic field, were
travelled with a smaller axial velocity than their incoming
velocity. It was because the axial energy of the electrons was
deflected to the transverse direction by the magnetic field. Thus
the resonant condition was modified to
(2. 11)
Therefore the gain obtained by Baier and Milstein was expressed by
(2. 12)
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2.2 GAIN CALCULATED FROM THE MAXWELL'S EQUATIONS
In a later work, Colson and Ride [10,11) calculated the
evolution of both the amplitude and phase of-the optical wave by
solving the Maxwell's equations in coupling to the single particle
dynamics. The evolution of the optical wave in the presence of an
electron current was described by the wave equation
(2. 13)
where X is the vector potential of the optical wave and 3L is the
transverse current density. is the vector
potential of the stimulating wave and XR the vector potential of
the radiation emitted by the electron beam, was assumed to have
the form
(2. 14)
where ER(z, t) is the electric field amplitude, VJ=ksz-cyst+O(z, t)
and 0 is a phase factor. Using the slow varying of amplitude and





where c 1= (cosqi, -s i n 1,, 0) and c2= (s i n1i, cosqi, 0). The transverse
current 31 was determined by the electron's transverse velocity
affected by the static magnetic field alone and was expressed by
(2. 16a)
(2. 16b)
where was calculated by eq.(2.5) and the results were taken
average over the initial phase o. The coupled eqs (2.15), (2.16)
and (2.5) described the evolution of the amplitude and phase of
the radiation field. In the weak fields approximation, they could
be solved [10,11] analytically and the expression of the gain was
obtained to be the same as eq. (2.10). This method of approach was
subsequently used by Colson in his later works [13,14].
Although the two methods developed by Colson and his
co-workers look quite different, they are actually equivalent. In
the calculation of the gain, the rate of the change in the radia-
tion energy in a particular volume V can be expressed by
(2. 17)
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Here, we have assumed that
all the radiation 2R due to the electron beam are propagated in
the +z-direction. In the first-order approximation,
(2. 18)
Using the slow varying of amplitude and phase (SVAP) approxima-
tion, we obtain from eqs. (2.15),
(2. 19)
Therefore, from eq. (2. 18) and eq. (2.19), we have
(2.20)
Compared with eq. (2.2), we then have
(2.21)
It means that the power gain in the radiation is equal to the rate
of the loss of the electron energy in that volume. Thus the two
approaches are actually the same.
Another approach to calculate the gain was developed by Hopf
16
et al. [15,161. The evolution of the laser wave was solved by
coupled the Boltzmann equation via the transverse current to
the Maxwell's equations. The motion of the electron distribution





where µ(r) is the Heaviside function (circular beam),
transverse-dimensional delta-function and
the Maxwell's equation was found to be
(2.24)
where F is the filling factor and co is the permittivity of free
space. h was then expanded into a peturbation series with
Using the slowly
varying amplitude and phase approximation and up to the first
withorder perturbation, the small-signal gain a, defined by
I being the intensity of the laser wave, was obtained as
17
(2.25)
Thus the total gain became
(2.26)
Apart from a factor due to the units, it has the same functional
form as eq. (2.10). In fact, this approach is quite similar to
that developed by Colson and Ride[ 10, 111, except that the- growth
of the laser wave was described by the electron density
fluctuation h(1) here while in Colson and Ride's calculation it
was evaluated through the change of the phase 0. However, the
approach with the use of the Boltzmann equation has an advantage
that the spatial and momentum distribution of the electron beam
are readily to couple to the calculation. A three-dimensional
small-signal analysis in considering the electron beam's
cross-section similar to this approach was done by Prasad and
Moore [171.
2.3 GAIN CALCULATED IN A MOVING FRAME
All the gain formulae obtained in the above theories were
derived in the laboratory frame. Bambini et al. [18-20] first
18
formulated the theory in a moving frame where the pseudoradiation
field due to the static periodic magnetic field was in resonance
with the laser field. In the laboratory frame, under the
Weizacker-Williams approximation, the static periodic magnetic
field was represented by a pseudoradiation field with wavelength
(2.27)
The whole interaction picture was then transformed to the frame
such that the wavelengths of the laser field (A' S and the
pseudoradiation field (A) had the same value A'. The velocity
of this frame was determined by
(2.28)
In this reference frame, the motion of the electron was treated as
non-relativistic because the axial velocity of the electron was
very small. Hence, the classical single-particle Hamiltonian for
the system after a contact transformation was described by
(2.29)
where IL and I are the actions of the laser field and the
pseudoradiation field respectively q5L and W are the
corresponding phases w'=2nc/X' V' is the volume of the fields
p' is the momentum of the electron and ro is the classical radius
19
of the electron. Here the authors have made the assumption that
only the radiation along the axial direction would be taken into
account. With the canonical equations of motion.
two relations were then obtained,
(2.30)
(2.31)
where k'=2u/A'. From eqs. (2.30) and (2.31), they then found
(2.32)
Eq. (2.32) means that the change in the laser field is
corresponding to the change in the momentum of the electron. In
order to calculate the change of the momentum, the authors put
into the SVAP approximation so that the quantity
in eq. (2.29) could be regarded as
conservation and was hereby to be dropped out. Thus
(2.33)
With the introduction of a .scaled momentum variable, W' =(2k' /m)p'




Eq. (2. 3 4) has the
same form of eq. (2. 5) obtained by Colson, except that it is
described in the chosen reference frame. The gain was then
evaluated by
(2.35)
where Wo'=(2k'/m)po' is the initial momentum of the electrons.
When all the values on the right hand side of eq. (2.35) are
represented by the corresponding values in the laboratory frame,
the gain G' has exactly the same form as eq. (2.10).
2. 4 CONCLUSION
In the review of the above theories, we can find that all
the calculations are based on the two assumptions or
approximations of which the gain are found to be proportional to
(1/73). The first one is that all the radiation emitted by the
electron due to the effect of the wiggler field are assumed to be
propagating along the direction as that of the laser wave. With
this assumption, the solution of the wave equation is taken to be
21
of the form as that in eq. (2. 14). The second one is that the SVAP
approximation is used in the evaluation of the strength of the
radiation scattered by the electron. These two assumptions or
approximations actually contradict with each-other and cannot be
used simultaneously.
In the laboratory frame, we may regard that all the
scattered radiation are propagating along the direction as that of
the laser wave because the electron has a relativistic axial
velocity so that the radiation power is distributed over a small
forward angle of z-1. That means the first assumption may well be
accepted. However, if we use the SVAP approximation to evaluate
the strength of the scattered radiation, we find that from
eq. (2.15),
(2.36)
On the other hand, we calculate this quantity from the Lienard-
Wiechert potentials which give
(2.37)
where n is the direction of observation and R is the distance
s
between the electron and the point of observation. Consider that
the scattered radiation is due to the circularly polarized
periodic magnetic field only and take the direction of observation
22
ns being the same as that of the propagation of the laser wave k.
Eq.(2.37) can be reduced to [see Appendix A]
(2.38)
The total electric field AgR emitted by the electrons of a
electron beam in a thin slab of thickness Az at the point of
observation can be found to be
(2.39)
The motion of the electrons within this periodic magnetic field
has the property that
(2.40)
Hence, eq. (2.39) becomes
(2.41)
Finally we have,[see Appendix A]
23
(2.42)
Comparing eq. (2.42) with eq. (2.36), we find that the dependence of
has been missing in eq.(2.36). It is vital because
approaches unity in this frame.
In the moving frame taken by Bambini et al., the total
electric field at the point of observation due to a slab of
electrons can be obtained similarly to be [see Appendix B]
(2.43
Here B11 'may be regarded as very small so that eq. (2.43) can be
reduced to eq. (2.36). However in this frame, it is not justified
to assume that all the scattered radiation are propagating along
the direction of the laser wave because the electrons no longer
have the relativistic axial velocity. In fact, even in the
laboratory frame, if the angular characteristic of the scattered
radiation from an electron is studied, it is found that a large
part of this radiation does not contribute to the gain of the
laser wave. In the following calculation, the above assumptions
or approximations therefore will be dropped out. The gain will be
calculated in terms of the effective number of electrons whose
scattered radiations are in phase with the laser wave and the




THEORY OF A FREE ELECTRON LASER AMPLIFIER
3.1 ELECTRON KINEMATICS IN THE CO-FREQUENCY FRAME
In the Stanford experiment of coherent amplification, the
periodic magnetic field of the helical magnet is right-handed
circularly polarized along the direction of k and can be described
in the laboratory frame by
(3. 1)
where BM is the amplitude of the magnetic field, KM= 2 Tr/AM, and
AMis the spatial period. The electromagnetic field of the CO2
laser is a right-handed circularly polarized plane wave travelling
along k and expressed by
(3. 2)
where ES is the amplitude of the electric field of the laser
radiation, wS is the angular frequency, z=t-z/c the retarded time,
c is the speed of light in vacuum, n=k the direction of wave
propagation, and p is the initial phase relationship between the
static magnetic field and the laser field. An electron beam of
26
velocity v 0 =coo and electron total-energy 90 =mc2To is entering the
interaction region along the direction of +n.
The interaction picture is now transformed to a moving frame
S' which is moving along the +n direction with velocity v relative
to the laboratory frame. In the S' frame, the periodic magnetic
field becomes approximately a left-handed circularly polarized
plane wave travelling along -n direction with velocity V. It




The laser wave is transformed into a right-handed circularly
polarized plane wave travelling along +n with velocity c. It
shall be called the stimulating wave and its electromagnetic field
is expressed by
(3. 5)
due to the invariance of phase
(3.6)
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and AS is the wavelength of the laser. The electron velocity and
total energy of the electron beam in the S' frame are given
respectively by Since S'
frame is chosen such that both waves have identical frequencies,
say. From Eqs. (3. 4) and (3.6), we get
(3.7)
Because we shall take (=1 in the discussion hereafter.
Consider an electron of mass m, charge e and initial
entering the interaction region along the +nvelocity
direction. Under the influence of the Lorentz force-power, the




Lorentz force consists of two components. One component is
parallel to the direction of wave propagation n and the other one
in direction m which lies in the plane of wave polarization





differential vector potential of a plane wave. Since the electron
beam is aligned along n direction, we shall take the initial
Due to the magnetictransverse velocity of the electron
leakage at the ends of the magnet and the non-abrupt wave-front of
the laser radiation, we shall also take the initial vector
From Eq. (3. 10), we obtainpotentials of both waves
(3. 13)
Substituting Eqs. (3. 12) and (3. 13) into Eq. (3. 11), we get
(3. 14)
Again, a total differential equation can be obtained from




From Eqs. (3.3) and (3.5),
(3. 16)
(3. 17)
In the Stanford experiment,
Hence, Eq. (3. 15) is reduced, to a
very good approximation, to
(3. 18)
On the other hand, the magnetic field strength in a region z-5o
near the entrance end of the magnet is increased from 0 to BM. In
In the region zoothis region,
are constants andinside the helical magnet, botl
Dividing Eq.(3.14) by (3.18), we have
(3. 19)
(3.20)
Integrating Eq.(3.19), we obtain
(3.21)
30
Under the conditons that
integration of Eq. (3.20) gives
(3.22)
where and p' represents the initial position of
the electron. Note that Eq. (3.22) and the Eq. (9) given in
Ref. [241 are of the same form. In obtaining Eq. (3.22), we have
taken cp=-1/27r. However, it does not affect the result because the
electrons in the electron beam are assumed to be uniformly
distributed over all phases. Eq. (3.22) describes the kinematics
of the electrons inside the interaction region and have the same
kind of motion of simple pendula. Each electron follows a
well-defined path in phase-space diagram as shown in Fig.3.
Therefore, the phase change of the electron motions evolving in
the interaction region can be determined. The characteristics of
the motion of the electrons in the phase-space diagram have been
discussed in detail in Ref.[241. Assuming that the initial phases
of the electrons are uniformly distributed, the time-evolution of
the phase distribution of the electrons in the interaction region
is shown in Fig.4. The results shown in Fig.4 are calculated
according to the condition of Stanford experiment [5] with
interaction time tI and initial velocity (3no=0. 66(2c') 1/2 [see









Figure 3: Constant energy curves of the motion of the



















Figure 4: Time evolution of phase distribution of the
electrons calculated according to the conditions
of Stanford experiment of FEL amplifier with























Figure 4: Time evolution of phase distribution of the
electrons calculated according to the conditions
of Stanford experiment of FEL amplifier with






3.2 PHASE RELATIONSHIP BETWEEN STIMULATING AND SCATTERED WAVES
In the S' frame, the electric field of the scattered
radiation emitted by an electron is expressed by [31]
(3.23)
where n' is the direction of observation and R' is the distance
s
between the electron and the point of observation. Since the
scattered radiation is mainly caused by the pumping wave and
emitted in the direction near the propagation of the stimulating
wave, n'=n, along which the wavelength of the scattered radiation
is practically constant, Eq. (3.23) can be reduced to
(3.24)
In an electron beam, (3' and 9M are the same for all the
electrons in a thin slab of thickness Az' of the beam cross-
section as shown in Fig. 5. There is a phase difference 'between
the radiation arriving at the point of observation from a ring
Az'dS' and the center of the slab. Since R'-R0' y d(D' =dS' /(R' X'),
and A' =2nc/w', the total. electric field Ag' emitted by the
electrons in this slab at the point of observation is given by [4]
35
A SLAB OF THEELECTRON
ELECTRON BEAMREAM RADIU
DUE TO THE CHAFSELEMENT OF AREA dS
IN THE SLAB
Figure 5: Phase relationship between the stimulating wave




where pe is the number density of electrons. Thus the phase
relationship between the scattered radiation Ag' and the pumping
wave{ M}yetis determined. On the other hand, the electric field
of the stimulating wave at the point of observation is
(3.26)
By comparing the phases of Eqs. (3.25) and (3.26), we obtain the
phase difference W' between the scattered radiation and the
stimulating wave,
(3.27)
as shown in Fig.5. Now the total electric field produced by a
slab of electrons and the stimulating wave at the point of
observation becomes
(3.28)
where m' is the unit vector in the direction of EIS m-Lm', and p'
is the position of the slab. Note that the total electric field
at the point of observation depends on the position of the
evolving electrons.
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3.3 EFFECTIVE NUMBER OF ELECTRONS WITH SCATTERED RADIATION IN
PHASE WITH THE STIMULATING WAVE
Consider a monoenergetic electron beam entering the
interaction region. Since the pulse length of the electron beam
is much larger than is, the initial phases of the electrons are
uniformly distributed and spread over many identical unit cells of
dimension w' p' ranging from -n/2 to rr/2 as shown in Fig. 3. The
interaction process is now considered as taking place in a
periodic array of a large number of identical cells. The phases
of the electrons' motion in a unit cell will evolve from an
initially uniform distribution of w'p' to a new distribution of
w' p' after a certain time of interaction t' as shown in Fig. 4.
n
The average electric field of the scattered radiation within a





and N is the number of electrons within a unit cell. The
c
scattered radiation from one unit cell can overlap with that from
other unit cells as shown in Fig.6. Here Le is the length of the
pulse of the electron beam and LP is the maximum length along the
38
RADIATION FROM THE FIRST CELL
RADIATION FROM THE
LATEST CELL
Figure 6: Overlapping of the scattered radiation pulses from different cells of the electron beam
three different cases: (a) Le' Lp', (b) Le' =Lp' and (c) Le' Lp'
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electron beam that scattered radiations emitting from cells within
this length may overlap with one another [23,261. Let J be the
number of unit cells within L' and I be the number of unit cells
e
within L'. From Fig.6, the total electric field along the
p
radiation pulse is expreseed by
(3.31)
where i runs from 1 to I depending on the position along the
radiation pulse as shown in Fig. 6. For example, in the case of
LeL', at the front of the radiation pulse (T=1), i runs from 1 to
p
1 at the mid-way of the pulse (T=I), i runs from 1 to I and at
the tail (T=I+J-1), i runs from I to I, etc.
By taking the time average over the whole radiation pulse,
we obtain the average radiated power as [see Appendix Cl
(3.32)






with tI being the total interaction time, K=J-1 for L'L', and
K=I-1 for L'- Le. The second term on the right hand side of
Eq. (3.32) represents the coherent effects between the scattered
radiation and the stimulating wave. The third term gives the
coherent effects among the scattered radiations from electrons
within the electron beam pulse under the influence of the
stimulating wave. The value of Nef1L' /(L' +Le) is the effective
number of electrons whose scattered radiations are in phase with
the stimulating wave and {L' 2f' /[L' (L' +L')]} 12 is the effective
p si e p e
fraction of the total number of electrons whose scattered
radiations are in phase with one another. Further more these two
values are invariant quantities. If E'NeE' (which is generally
true in practical works of coherent amplification), the
contribution of the second term to the radiation power is
dominant. Therefore, we shall mainly discuss the characteristics
of f as follows.
The value of f represents the degree of coherent effects,
the coherency. A larger positive value of f means a stronger
constructive interference and a negative f corresponds to a
destructive one. In order to study the characteristics of fI', over
different interaction conditions we refer to Fig.3. If f3' is
equal to zero, a resonant condition is reached and f,1' becomes
41
zero at all times, because the interference effects of the
scattered radiation on the stimulating wave cancel one another.
If is positive and not quite far away from the resonant
condition, electrons will evolve to a distribution with more
electrons concentrated around at a certain time. Hence
constructive interference or a gain is observed. If is
negative, the situation is reversed with more electrons
distributed around and absorption occurs. When is
far away from the resonant condition, electrons will be
distributed more evenly over different phases. Thus the gain or
absorption effects will be weak. For given values of and
the dependence of for for different interaction times
are plotted in Fig.7 with dimensionless unit where
is a critical value given by
(3.35)
If no electrons will be described by the closed curves in
Fig.3. For a given value of the motion of the electron with
has the shortest period where [24]
(3.36)
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Figure 7: Coherency f as a function of incident velocity
(B/B) for different values of interaction timeno nc
(tI'/T SC'). Value within the bracket corresponds to




and K(0.66) is the complete elliptical
integral of the first kind with argument 0.66. T' is the
sc
shortest period of the elliptical curves along which electrons
will evolve with incident velocity (3' =0.660' Under this
no nc
condition, approximately half of the electrons follow the closed
curves and the others evolve along the open curves. Eqs. (3.37)
provide the criteria for obtaining the maximum value of f and
should be very useful for designing an experiment.
The dependence of fon the interaction time t' I at Ono
0.661' is shown in Fig.8. The value of f1 decreases at a longer
interaction time beyond t'=0.45T', because the electrons evolve
away from the phase w' pn n/4 and towards w' p' =-n/4 where
n
destructive interference occurs. When the interaction time is
further increased the electrons evolve to a more uniform
distribution over different phases and coherent effect will be
further weakened.
Since both and and T' are functions of AS, the effect of AS
on fI' I is more complicated. However the maximum value of f for a
given interaction time t' can be found from Eq. (3.37), to occur at
(3.38)
(3.39)
The dependence of f on (3' /(3' for different values of A' are
II no nc I S
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Figure 8: Coherency f11' for different interaction time















Figure 9: Coherency f11' as a function of incident velocity
(1no/13ncI) for different magnitude of the
stimulating wave (AS'/AS,). Value within the





the motions of electrons are described by the, open curves and the
phase distribution is more uniform. Thus the coherent effect is
weak. As the value of A' S is increased so are f and Inc'
Comparatively, when (3' gets larger and larger, (3' becomes closer
nc no
and closer to the resonant condition and T' gets smaller and
sc
smaller so that tI will be very long when compared with Tsc
Consequently, the value of f not only stops increasing but also
starts decreasing. In Fig.10, fas a function of AS with
ono 0. 66(3' I is shown.
The dependence of f' on (B' /(B' for different t' and A' are
si no nc I S
shown in Fig.11 and Fig.12 respectively. Note that f is an odd
function of (3' and f' is an even function of (B'
no si no
3.4 SCATTERED RADIATION OF A HIGH ENERGY ELECTRON IN A HELICAL
MAGNETIC FIELD
The scattered radiation emitted by a high energy electron
passing through a transverse periodic magnetic field is the basic
element to produce the undulator radiation and free electron
laser. In the electron rest frame S in which (30=0, the magnetic
field of a helical magnet, Eq. (3. 1), is transformed into a
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Figure 10: Coherency fII' as a function of magnitude of the












Figure 11: Coherency f' as a function of incident velocity
si
((3' /9') for different values of interactionno nc
time (tI' /TSC') with L'/L'=1.32. Value withinp e
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Figure 12: Coherency f' as a function of incident velocity
si
Bno Bncl) for different magnitude of the
stimulating wave (AS/A') with Lp'/Le'=1.32.




the leakage of the magnetic field at the end of the helical
magnet, the initial value of BM is zero. Thus the kinetic energy
and the momentum of the electron in the S frame are given [32]
(3.41)
where Fes is the Lorentz force due to EM and BM Now the
wavelength and the differential radiation power pertaining to the




is the classical electron radius and
is the magnitude of the Poynting vector. Now
returning to the laboratory frame with the transformations of
others, we obtain the scattered wavelength and differential power




-Niwhere S=cB/4rr. By taking cos20=1/2,/ =3.2cm, BM=2.4kG, the
angular distributions of the wavelength Eq. (3.44) and differential
power Eq.(3.45) of the scattered radiation for electron total
energy 90=24.5 and 1.5 Mev are shown in Fig.13. In this figure,
we can see that both As and dP/dS2 have peaks at 0=0 the higher
the electron energy the sharper the peaks. Since 1 s varies with
0, only a small fraction of the scattered power near 0=0 is
responsible for coherent amplification. Therefore, coherent
amplification is effective only within a small solid angle around
0=0 [231, at which [see Appendix DI
(3.46)
(3.47)
Note that the differential power has a maximum value at D=1/3.
The dependence of As(0) and dP(O)/dQ on the field strength BM is
shown in Fig. 14.
3.5 GAIN OF COHERENT AMPLIFICATION
Wherever the stimulating wave is superimposed with the
(3.45)
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Figure 13: Angular distributions of scattered wavelength
s and differential power dP/d for an electron
being scattered by a helical periodic magnetic
field
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Figure 14: Dependences of the scattered wavelength xs(0)
and differential radiation power dP(0)/dQ on











scattered radiation, amplification occurs. The gain of the
stimulating wave may be expressed by in the
laboratory frame.
(3.48)
ratio of the two electric fields are evaluated within the
interaction region. ES is related to the flux density IS of the
stimulating wave by
(3.49)
and Ee is related to the power Pe radiated by an electron to the
acceptance area by
(3.50)
where R e is the radius of the electron beam. For very small
acceptance solid angle a, Pe=(dP/d)a. Using Eq. (3.47), the
gain formula Eq.(3.48) is expressed in terms of Neff and Nsi by
(3.51)
This new gain formula shall be used to
where
55
calculate the gain for the Stanford's experimental conditions of
coherent amplification.
3. 6 NUMERI CAL RESULTS
The conditions of the experiment reported by the Stanford













radius of electron beam
Angular acceptance of the detector
The value of AM is chosen to be 3.215 cm so that the resonant
condition will occur at electron energy of 24.51 MeV. Also the
spot size of the electron beam given [37) is R.bO.1 cm. Since
the effective radius of the beam may be expressed by
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Using the data given above, we obtain
The dependence of the gain on different' electron energies as
given by Eq.(3.51) is compared with the experimental result in
Fig.15. The small asymmetric behavior in the experimental result
is well explained by the contribution of the second term in
Eq.(3.48). The peak gain has a value of 7.1% and is quite closed
to experimental value of 7%. From Eq. (3.48), it seems that the
gain should depend on the optical power density. However, if we
carry out the computation of the gain with different optical power
densities, we find that the gain stays nearly the same from 100
W/cm2 to 1.4x105 W/cm2. The result is shown in Fig.16. This
agrees with the experimental observation that the magnitude of
the gain and the dependence of the gain on the electron energy
were observed to be independent of the optical power density over
this range. [51 Nevertheless, if the optical power density is

















Figure 15: Comparison of the experimental and theoretical
-5
values for the gain of different incident
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THEORY OF A FREE ELECTRON LASER OSCILLATOR
4. 1 INTRODUCTION
The main difference between a FEL amplifier and a FEL
oscillator is in their origin of stimulating wave. In an
amplifier, the stimulating wave is an external coherent radiation
of fixed power and wavelength and it determines the electron
energy for maximum amplification [see section 3.61. In an
oscillator, the external coherent wave is replaced by an internal
coherent wave which is generated and amplified by the scattered
radiation of the electron beam inside a resonator formed by two
mirrors and its power and wavelength in the steady state is
determined by the characteristics of the electron beam and the
resonator. The original seed of coherent radiation is generated
from the first single pass of the electron pulse by the mechanism
of self-stimulation [23, 261 among the electrons within the
electron pulse. This coherent radiation will be fed back by the
resonator and amplified by the scattered radiation of subsequent
electron pulses. After many times of feedback and amplification
(coherent oscillation by internal stimulation and amplification),
when the gain per pass is equal to the round trip loss inside the
resonator, the intensity of the coherent radiation will stop to
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grow and reach a steady state.
It is known' [5, 7] that there is almost no amplification at
the resonance frequency [see also section 3.3] whose value can be
determined by eq.(3.46). Gain is appreciable only for those
stimulating radiations whose wavelengths are longer than that of
the resonance frequency. For a given intensity and interaction
time, it will be shown that the gain spectrum has a maximum at a
certain wavelength which is generally increased by increasing the
intensity of the stimulating wave. On the other hand, it has been
shown in section (3.4) that the angular distribution of wavelength
of the scattered radiation emitted by an electron in an undulator
has a minimum in the direction of the electron beam (e=0), Amin
Ares' which corresponds to the resonance wavelength. Also, the
wavelength spectrum of radiation emitted by the electron pulse in
a single pass and the energy spectrum of the electron beam are of
definite widths. Therefore, during the time evolution of the
stimulating wave inside the resonator, the wavelength corres-
ponding to maximum gain will shift to a longer wavelength as long
as the wave intensity is growing, until the steady state is
reached. The evolution in a FEL oscilltor has been theoretically
studied by a number of authors [14, 28-30], but the gain spectrum
and its shifting characteristics have not been taken into
consideration.
In a steady state,* the radiation intensity inside the
resonator is stable and hence the peak gain of the spectrum will
not shift and remain at a fixed wavelength. After many times of
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feedback and amplification, this fixed wavelength of peak gain
will become outstanding and a laser output of narrow line width
will result. Under this situation, the amplification of the
feedback radiation has the same properties bf a FEL amplifier.
Since a theory of FEL amplifier has been discussed in chapter III
with good agreement with the experimental results reported by the
Stanford Group in 1976, we shall apply the same approach to the
following discussion.
4.2 OUTPUT POWER AND OUTPUT WAVELENGTH
Let PC be the intracavity radiation power, Pe the power
radiated by each electron, Lt the total fractional loss of power
for a round trip of the radiation inside the resonator, G the gain
of PC in a single pass of electron pulse, and T be the
transmission of the exit mirror. In a steady state, the loss of
the radiation field EC inside the cavity in a round trip must be
equal to the radiation field ER emitted by the electron pulse in a
single pass [261,
(4. 1)
where Lt=G. Hence [see Appendix El,
(4. 2)
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where Neff is the effective number of electrons whose scattered
radiations are in phase with the stimulating wave and N si is the
effective number of electrons whose scattered radiation are in
phase with one another. Pe can be calculated in terms of the
differential power dP/dQ [see eq. (3.47)] by
(4. 3)
if the' solid angle of radiation 0r is defined. Now the output
power of the oscillator is given by
(4. 4)
Since the resonator is formed by two mirrors and the
coherent radiation is travelling back and forth within the
resonator, the fundamental mode of these radiation is always of
Gaussian profile as shown in Fig. 17. The expansion of the beam
radius along the propagation direction k is expressed by [38]
(4.5)
where wo is the minimum radius at the beam waist and A is the
wavelength of the radiation. For a stable resonator with two
mirrors of radius of curvature R and separated by a distance d,




AMPLITUDE DISTRIBUTION OF THE
FUNDAMENTAL BEAM
Figure 17: Amplitude distribution of the fundamental mode.
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(4.6)
The beam contour w(z) as shown in Fig. 18 is a hyperbola with
asymptotes inclined to the axis at an angle [38]
(4.7)
In fact, this is the far field diffraction angle of the
fundamental mode. Thus only the scattered radiation emitted by
the electrons within this angle will be in superposition with the
feedback radiation and result in amplification. Hence, 0 r=rrO2.
In an oscillator, there is no simple way to calculate Neff
because it is a function of the wavelength As and field strength
Ea of the radiation acting on the electron beam inside the
resonator [see section 3.3]. In general, the radius of the
electron beam in a FEL oscillator is much smaller than wo for
example, in Stanford's experiment, Re=0.25 mm and wo=1.71 mm (with
R=750 cm and d=12.4 m). Hence, the radiation field Ea, as seen by
the electron beam near the center (axis) of the Gaussian profile,
is related to the average (effective) radiation field EC by EC=
E /e [38]. Under the condition of steady state, the peak of a
a
gain spectrum of wavelength must be equal to the total loss in a








CONTOUR OF A GAUSSIAN BEAM
Figure 18: Contour of a gaussian beam.
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(4.8b)
where the radiation field emitted by a single
electron. Using the data from the Stanford's experiment, the gain
spectrum of wavelength for different values of axial field
strength E a are plotted in figure 19. It shows that the peak gain
shifts in the direction of longer wavelength as Ea is increased.
In Stanford's experiment, Lt has been given as 2.8% [39] and Pe
is calculated to be 1.57 x 10-10 W. From figure 19, G max =2.8%
occurs at Ea =1. 44 x 107 V/m with a wavelength As=3.407 Wm. The
corresponding calculated values of Neff and Nsi are respectively
9.1 x 105 and 1.23 x 106 for N (total number of electrons of the
e
whole electron beam pulse) =1.75 x 107 [39], the length of
electron beam Le=1.3 mm and the maximum length of superposition of
scattered radiations Lp=0.545 mm. After many passes in the steady
state, the output wavelength will be automatically selected to be
3.407 pm because it has a higher gain than other wavelengths.
4=684 kW which is theConsequently, E^=5.30 x 100 V/m and
same as that given by eq. (4.2).
The transmission coefficient of the exit mirror used in
Stanford's experiement is T=1.5%. If the detector is designed to
cover the solid angle net=1.2.6 x 10-6 sr, the output power of the
FEL oscillator measured, according to eq.(4.4), is expected to be
Pout=10.3 kW with As=3.407 µm. These theoretical result is in
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Figure 19: Gain per pass as a function of wavelength for






(Pout)exp=7 kW and (As)exp 3.417 pm.
Figure 20 shows the maximum gain G max and the wavelength
A s (G max) at maximum gain as functions of the radiation field
strength on the axis E a. This figure shows clearly the physical
condition under which the Stanford oscillator was evolving and
operating. For small E a, the oscillator starts out with a maximum
gain of 36% and a wavelength 3.383 pm which are quite constant
until Ea=5 x 105 V/m. When Ea is further increased, the maximum
gain begins to decrease and the corresponding wavelength is
increased until the oscillator reach the steady state with maximum
gain 2.8% and corresponding wavelength 3.407 pm. For total
cavity loss smaller than 2.8%, Ea would increase accordingly.
However, if Ea is larger than 2.0 x 107 V/m, the maximum gain and
the corresponding wavelength become less well-defined and the
optical quality of the output radiation is poorer. Apparently,
the characteristics of the output radiation can be changed by
changing the total cavity loss and the transmission coefficient of
the resonator and the starting condition for a FEL oscillator
should be Gmax(Ea=O) Lt
4.3 EFFECT OF CONSTANT AXIAL MAGNETIC FIELD ON OUTPUT WAVELENGTH
It is well established that spectroscopic measurement of
wavelengths is one of the most accurate, precise, and reliable




Figure 20: The maximum gain Gmax amd its corresponding
wavelength As as a functions of the axial
radiation field strength Ea.
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wavelength measurement in the Stanford experiment is good to four
significant figures with linewidth of 0.008 pm and instrument
width 0.0007 µm. Thus, the small discrepancy between the
calculated and experimental values of the output wavelength should
not be ignored and can be explained in terms of the constant
axial-guide magnetic field [5] of 1 kG. The axial velocity of the
electrons in the interaction region is modified by the effect of
the axial magnetic field and hence the wavelength of the radiation
emitted by the electrons is modified accordingly.
In the electron rest frame S in which the initial velocity
(3=0, the magnetic field of a helical magnet with field strength
BM is transformed into a circularly polarized plane wave. The
axial magnetic field is B=Bck. The equation of electron motion in
c
this frame is given by
(4. 9)
Taking 00=1, the axial momentum of the electron can be found to be
[401
(4.10)
Integrating eq. (4. 10) with
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(4. 11)
Since T=t+z/c, we have
(4.12)
period of the undulator. To an observer in S frame, the average
frequency of the electron motion is given by [411
(4. 13)
The frequency of radiation emitted by the oscillating electron in
Returning to thethe forward direction




where As(0) (=3.407 µm) is the wavelength with Bc=0. The constant
axial magnetic field used in the experiment is Bc=1 kG and D=0.521
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so that D =0.5247. Therefore, s (B c )=3.415 µm, which differs fromc
the experimental value by less than 0.1%, and should fall within
the accuracy of the measurement.
4.4 FINAL ELECTRON ENERGY DISTRIBUTION
Whenever Ea and 1s are determined, the electron energy
distribution after the electron pulse passes the interaction
region, can be calculated. Due to the magnetic field leakage at
the ends of a helical magnet, the electrons experience an
increasing magnetic field before entering the interaction region
and a decreasing magnetic field after leaving the interaction
region. Therefore, part of the axial electron energy is initially
deflected to the transverse direction just before entering the
interaction region and then finally the transverse electron energy
is deflected back to the axial direction when just leaving the
interaction region. In the co-frequency frame S', let (3' be the
initial velocity, no be the entrance axial velocity, (3n be the
exit axial velocity, and (3f be the final velocity, from eq. (3.21)
we have the following relation,
(4. 16)
Since electrons of different initial phases will evolve from
13' to different values of 1n which can be calculated by the
no
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simple pendulum equation of electron motion [16], the final energy
of each electron can be evaluated by 6f= MTfc2, with Tf=
and 13 0= the velocity of the
co-frequency frame with respect to the laboratory frame. The
initial and final energy distribution of the electrons before and
after the interaction in the steady state has been measured by the
Stanford Group [8]. Starting from their initial distribution, the
final distribution of electron energy is calculated with Ea=1.11,
1.44, 1.94 x 107 V/m and As=3.415 µm. The results are shown in
figure-21. The final energy distribution predicted for Ea 1.44 x
107 V/m gives not only a very closed fit to the experimental
result but also the -0.101% shift of its centroid agrees perfectly
with that of the experimental distribution, which is -0.1%. The
close agreement between the theoretical prediction and the
experimental measurement gives further support that the
intracavity intensity calculated is very close to the experimental
situation. The shifts of centroids for Ea =1.11 and 1.94 x 107 V/m
are respectively -0.065% and -0.162%. It means that the stronger
is E the more deviation is the final distribution of electron
a
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Figure 21: The initial and final electron energy
distribution in steady state in the Stanford










We have presented a classical theory of free electron laser
amplifier and oscillator which is able to account for the
experimental measurements of the gain reported by the Stanford
Group [5, 25]. The gain in the free electron laser amplifier is
discussed on the basis of the interference effect between the
stimulating coherent wave and the radiations emitted by a beam of
electrons being scattered simultaneously by the stimulating wave
and a periodic magnetic field. The radiation power which is
responsible for the gain is calculated in terms of the scattered
radiation instead of the energy change of the electron beam. We
have also obtained the criteria ,eq.(3.37), for obtaining the
maximum of gain. It is interesting to note that the gain given in
3
eq.(3.51) is proportional to Neff and 0 It means that a
free electron laser amplifier could be favorably working with high
energy electron beam provided that a favorable value of Neff could
be obtained from other parameters of the amplifier. For example,
if the CO2 laser in the Stanford experimental set up is replaced
by a ruby laser (15=0.6943µm) the maximum value of gain is
expected, according to our theory, to be 2.3% for a beam of
electron energy g0=95.81MeV and a ruby laser of power density
1.65x108 W/cm2.
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In the steady state of a free electron laser oscillator, the
output power and, wavelength is calculated. The effect of the
constant axial magnetic field on the output wavelength is also
discussed and it is quite useful for the fine tuning of the
frequency of a FEL oscillator as well as a FEL amplifier without
the necessity to alter the energy of the electron beam.
Although Stanford's experiment of free electron laser [5,25]
has been ten years old, its good and detailed results remain
useful for the theoretical understanding of the basic mechanism of
free electron lasers. The field of a helical periodic magnet
gives great advantage for theoretical investigation, not only for
the possibility of accurate mathematical description but also for
the simplificity of mathematical operation. Inspite of the fact
that we have been able to explain most of the important features
observed in the Stanford's experiments, further detailed
theoretical development still heavily depends upon more
experimental observations.
Up to now, most of the concentration, including both
theoretical and experimental, has been put on the mechanism of
coherent amplification by external stimulation and coherent
oscillation by internal stimulation. However, there is none which
accounts for the coherent generation by self-stimulation. This
mechanism is important because it provides a seed to start up the
free electron laser oscillator. Therefore it is recommended that
a detailed experiment about the scattering of an electron beam
with an undulator or a laser wave is worthy to be performed.
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The success of classical electrodynamical approach to
account for the scattering of free electrons by coherent radiation
in the Kapitza-Dirac effect [24], FEL amplifier and oscillator,
should not be considered as a mere coincidence. The subtlety of
deterministic electrodynamics remains a very fundamental question
to be fully understood.
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APPENDIX A
DERIVATION OF EQUATIONS (2.38) AND (2.42)
In the laboratory frame, the Lorentz force of an electron in




is the velocity along k and Ol perpendicular to k. From
where
eq. (A2), we obtain
(A3)




which implies that 7='o. Therefore,
(A5)
(A6)
Also, from eq. (A2), we have
(A7)
which implies that 1[=0.
The electric field radiated by an electron as observed at a
distance R from it is expressed by
(A8)
is the observing direction and is now taken as
where
Then eq. (A8) becomes
(A9)
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Since (3,, =0, we obtain
(A10)
For a slab of electrons with thickness Az, the resultant electric
field in the direction of k is expressed by [41
(A11)
where a=peAze is the surface change density As is wavelength
emitted by the electrons and dA=R0Asd(P with (D being the phase
difference between the wave arriving at the observing point P from
different area of the slab. (see Fig. 5) Hence, eq. (All) becomes
(A12)
However, the scattering frequency has the relation of ws=2'112wM









DERIVATION OF EQUATION (2.43)
In the moving frame taken by Bambini, the periodic magnetic
field is transformed to a circularly polarized plane wave of EM
is the electric field and f3 is
determined by eq.(2.28). The Lorentz force experienced by the
electron is expressed by
(B1)
Eq.(B1) can be resolved into two components with
(B2)
(B3)
Solving eq.(B2), we obtain
(B4)
For a circularly polarized
hence from eq. (B3),
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(B5)
On the other hand, the rate of change of the energy of the
electron is calculated by
(B6)
which implies that y' =zo' =constant. Therefore, from eq. (BS) and
(B2), we have
(B7)
We thus obtain two similar equations as eq.(A10) and (A12) that
(B8)
(B9)







DERIVATION OF EQUATIONS (3.32), (3.33) AND (3.34)
In this appendix, the average power of the radiation pulse
is calculated. The total energy of the radiation pulse in the
co-frequency frame S' is the sum of the radiation energy emitted
by all unit cells,
(Cl)
86




Also JNc=Ne, the total number of electrons in an electron beam












DERIVATION OF EQUATIONS (3.44) AND (3.45)
According to ref.[41], the angular frequency w s of the
scattered radiation in a laser-electron scattering is expressed by
(D1)
where w, n, and O are the angular frequency, the propagation
direction, the vector potential and the initial vector potential
of the laser respectively. ns is the direction of the scattered
radiation. Eq.(D1) is calculated with the electron initially at
rest. Now, in the electron rest frame S in which (3=0, the
magnetic field of a helical magnet is transformed into a
then fromcircularly polarized plane wave. With
eq. (3.40),
(D2)
Due to the leakage of the magnetic field at the end of the helical
is taken to be zero. For a backward scattering
process, n•ns=-cos8. Hence, in S frame, the angular frequency




Using the transformation ws=ws'o(l+focose), the angular frequency
observed in the laboratory frame can be expressed by
(D5)
(D6)
In the direction of the velocity of the electron beam, which along
the axis of the magnet (i.e. 6=0), the wavelength of the scattered
radiation is calculated to be
(D7)
The calculation of the differential radiation power of a
90
relativistic electron in an undulator in the laboratory frame is
similar to that of the scattered wavelength. We first derive the
differential radiation power of an electron interacting with a
wave in the S frame and then transform the relation back to the
laboratory frame. According to ref.[34], the differential
radiation power of an electron, initially at rest, interacting
with a wave is expressed by
(D8)
where r is the classical electron radius
0
is the magnitude of the Poynting vector
direction of the wave polarization
For a circularlyis the transverse momentum along
polarized wave, we nave
are the colatitude and longitude of the spherical
coordinates of ns with respect to n and mP. Hence eq.(D8) becomes
(D9)
With eqs. (D4) and (D6) and the transformations 1+Dcos(6/2)





The differential radiation power at 0=0 can then




DERIVATION OF EQUATION (4.2)
The intracavity field Ec, after an electron pulse passes
through the interaction region, can be estimated from eq. (3.48) as
(E1)
In a steady state that G=Lt, eq.(El) can be rewritten as
(E2)
The solution of eq. (E2) is then found to be
(E3)
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